Abstract-In this paper, a zero decomposition algorithm based on characteristic set methods are developed in reflexive difference and differential polynomial systems. The "generalized term order" is used to deal with negative exponents of difference operators in DD-polynomials and the reduction of two DD-polynomials is discussed. We introduce the concept of characteristic set in reflexive DD-polynomial systems and propose a algorithm which can be used to decompose the zero set of a finitely generated reflexive DD-polynomial set into the union of zero sets of coherent chains.
INTRODUCTION
Characteristic set method is an efficient method in studying polynomial systems or algebraic differential equations. The method is widely used in solving equations, solving the radical ideal membership problem, proving theorems in geometries, computer aided design, robotics, engineering and other fields, see [1, 2, 3, 10, 12, 16] .
The characteristic set method was generalized to the mixed difference and differential polynomial (simply called DD-polynomial) systems by Gao [17, 18, 19] . But a characteristic set method for reflexive DD-polynomial systems(DD-polynomial systems with inverse difference operators) remains an interesting question. One of the problems in reflexive DD-polynomial systems is to find a proper term order that can help to definite the reduction of DD-plolynomials. Zhou and Franz generalized the concept of term order to deal with negative exponents of terms in difference-differential modules [5] .
In this paper, a part of the results based on Wu's characteristic set methods are extended to the reflexive difference and differential case. The "generalized term order" established by Zhou and Franz [5] is used to ordering terms of DD-polynomials. The problem with negative exponents of difference operators was solved by decompose into orthants. We introduce the concept of characteristic sets in reflexive DD-polynomial systems and propose a algorithms which can be used to decompose the zero set of a finitely generated reflexive DD-polynomial set into the union of zero sets of coherent chains based on Wu's method [11, 12, 13, 14] .
II. PRELIMINARIES
Let ℚ be the field of rational functions with an indeterminate , and assume that ⊇ ℚ is a computable field.
is a differential operator defined on with : → • • for ∀ , ∈ . And difference operators and defined on are isomorphic mappings satisfying . In this paper, we assume the existence of a non-zero element ∈ , such that the operator and , and commute according to the following rule:
• , • . It is easy to check that for a non-zero integer , we have ,
be a finite number of indeterminates ( may be considered as functions of x).Let | ∈ , ∈ , | ∈ , ∈ , ∈ . And for convenience, we denote , , . We denote is called the reflexive DD-ring of DD-polynomials over in (In this paper, "DD" always means "reflexive difference-differential").
The following two lemmas hold in reflexive DD-polynomial system case.
Lemma 1[18]
,and is a basis of the -vector space ].
Lemma 2[18]
, and is a transcendence basis of the -vector space over . Let be a total ordering on . For a DD-polynomial set ℙ ∈ , we define ℙ to be the set of all elements of occurring in ℙ. We define the leader of ℙ to be the maximal element of ℙ under and denote it by ℙ or ℙ . If ℙ , let ℙ . A generalized term order is a total ordering satisfying the following conditions: : , ∀ ∈ |d, ∈ , ∈ ; , ∀ ∈ |d, ∈ , ∈ ; , ∀ ∈ ; : , ∀ , ' ' ∈ |d, ∈ , ∈ ; , ∀ , ′ ′ ∈ |d, ∈ , ∈ ; , ∀ Generalized term orders exist: one example is the ordering defined by: , ,
From the DD-indices for shows in Figure1, we can easy verify proposition 7. Let ℙ be a set of DD-polynomials and consider the set of chains of DD-polynomials in ℙ. By Lemma 10, there exists at least one chain with lowest rank among all chains. And the least chain is called a characteristic set of ℙ.
A DD-polynomial is said to be reduced w.r.t. a chain if it is reduced to every DD-polynomial in the chain. Lemma 11. If is a characteristic set of ℙ and ′ a characteristic set of ℙ ∪ P for a DD-polynomial P, then we have ′. Moreover, if is reduced w.r.t. , then ′. Proof. The first statement is obviously true, since the characteristic set of ℙ is in ℙ ∪ P . As to the second statement, assume 
B. Extension of chains
In the process of computing the pseudo-remainder of w.r.t , we need to lift the difference and differential orders of by considering for certain ∈ . Similarly, in order to compute the pseudo-remainder of a DD-polynomial w.r.t. a chain, we also need to select a DD-polynomial in the chain and to lift its orders. But the selection of the DD-polynomial is not unique. Different choice might lead to different result. In order to give a proper definition for pseudo-remainders, Gao Xiaoshan [18] introduced the concept of extension for chains, which could be extended to the reflexive DD-polynomial case.
Let be a chain.We denote , , |∃ ∈ , , , , ,
. So is the the set of all possible lifted variables by the leader in . For a DD-polynomial set ℙ, let ℙ, be the largest such that , , occurs in ℙ, ℙ, be the smallest such that , , occurs in ℙ, and ℙ be the largest such that , , occurs in ℙ. And So ℙ is the set of leading variables of ℙ and ℙ implicitly depends on . For a chain and a set of DD-polynomials ℙ, we say that ℙ is an extension of w.r.t. ℙ if it satisfies the following properties:
• For any ∈ ℙ , there exist a ∈ and an ∈ such that . So ℙ is the set of lifted polynomials.
• ℙ is an algebraic triangular set under the ordering when all , , are considered as independent variables.
• ℙ ℙ∪ ℙ .
• A DD-polynomial is reduced w.r.t if and only if is algebraic reduced w.r.t when all , , are considered as independent variables. Given a DD-polynomial set ℙ, the algorithm Extension shows how to compute an extension of w.r.t. ℙ, which is satisfying the above properties. The algorithm is similar but different from [18] .We will give an example of . Example 13. Let be the chain in Example 9, and are less than ωy , this process will terminate. For a DD-polynomial P .The pseudo-remainder of a polynomial P w.r.t. a chain is defined to be the algebraic pseudo-remainder of P w.r. Let ℙ ⊂ be a finite system of DD-polynomials and let be a DD-superfield of . A zero of ℙ in is a tuple , ⋯ , ∈ with , ⋯ , 0 for all in ℙ. We use ℙ to denote the set of all zeros of ℙ. Let be a polynomial. We use ℙ/ to denote the set of zeros of ℙ which do not annul . Lemma 15. Let ℙ be a finite set of DD-polynomials, , ⋯ , is a Wu characteristic set of ℙ. , ,and ∏ . Then
Zero ℙ Zero / ∪ Zero ℙ ∪ ∪ ∪ Zero ℙ ∪ ∪
